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i.i/ 

>:j;£i-coiic;.VE reiXi^-JnauG 

i'.c; nneth J.     rro-w 

/.lain J.   Ln'Jaoven 

i.   nj'rRCLiucTioi. 

Our problem It: to nkoclmlze ^ ulfferen^l^.tle iAinctlon, r(x), o-' .n n 

Ili»-;nGiom-l vector x =» (x.,..., x ), mbjeel lo tlic cou^tr-tintc ß{>:) i 0, 

vhere g(x)  is u dlfferentinble m aimen^lon-1 vector AUiCliau,  £'{>:),...,  ti"(")> 

and x l" C.     H.  V.   Kahn ;jid ,%.  V.   Tvcker,   In their iVequentlj' quoted p-per 

on !«c3iilinear Iro^r-a^iing [k],  pr-jve :   th.-.t  i!"   ,(■ )  ritialieö   t^eir    Coil- 

etralnt Qaoliricatlon,-^     the Decec^ jry couillion;.   Jor x    to ri:ocl::J...c   :'(<) 

subject zo g(x)   =  '.    jid x -   C (the Kuliii-^-cker-L-jr-nge  ;ouditionc,   or 

KTL)   .re 

.,0 o c . 
X "x 

(KTL) 

0/   ,0 o   0N 

A .\ 

/0S(X) 

V0 =  :, 

vhere,   Tor exjtnnüe.   T    i:;  tiie vuclor of r.j-ti'.1,   loriv:.Live/  of  f(x) 

ev-lated at the  :.K)lnt x  .-'     Kahn   m.;  'I'ucker    loo urovc   J..   f   11   .'(:■.) 

^(.■:)   -ir« cot^c^ve   itinction.-,   (ICTL)  ■-re  üufficlcut. cai.lition..  Tor .   .c» 

L-tr.iined a'üclnurn. 

I.     Cee  [^l,   pn     ^3-^4,    .l.o    H. 

;'.     In (/ener 1,   '.« uenote  b^   ^uojertjit    :•) r-i  ]   "il'.ore". li.-ilon v.lth 
rt-'^pjet  to the  Indic.tei   .r^uneuic. 



/v function iü concave  if  the   . .oru joining  -jr; tvo [Ointj CJU   -JI7 

pLme profile  oL' itc graph lleo ever^-vliere cni or boio1;   Uu-  faot-ion.     ihui 

Is,   f(x)   Is cone re  If 

(1.1) f(öx +  (1 -  C)x0l   ^ 4.-{0  +  (1 -  t):-(.:0) (C 1 i  -.  1) 

i'or  -11 pointb x   md x    in the region of tlel'lnltion oi   '-'{:■).    < rite (l-l) 

in  the  I'oix. 

•jui t/u-:e   the  IL'alt oi' the left>han.i :<!:■-•   -:.. 4      *0,-     lo obu^in 

do) rc(x.  :0) + t-0) . f(0 

vhich is un altenvitive deJ'initlon of concavity for dlfferentiublc  function: 

The inequality (1.3)  utate-j  that if :{..)  ii. concuve,   it lieu everywhere oi. 

or bclov itt>  tv.ngeut ol^ne^.. 

.  function ic qua a i--cone aye   if,   for e^.ch reiJ. number c,   the  oet x 

iefineU b^   the tner.urJ.ity 

il.h) f(x)  .  c 

ir  convex. '^i:.t  ir.. t'(;:)   i1: nu;i_'.-cor.cvf,   if 

[I.,) f(x)     3     :'(:
0) Implie.      :^x   .   (l-  fr)0l         .■(.ü) 

for C = « 1, 1.     Ucr.:, for ■-nj x  a..tir,r'yinc  (l.1),   let 

3.     Bee   '4],   pp.   46^-^6.     A  t\mctlon,   f(x),   of severul varL-blee is 
dlfferentiabla if f{x>h)  =•  f(x)  +   :fc ♦ oh,   vhorc £  1.     . vector aerjendir^ oa 
x but not on h   Xid e  iß u vector which   pe--   t>o zero with h.     If t-  function 
la diffarentiable,   then Itc partial deriv-.tivca < xlr,t,   .aid f   - c,  but the 

existence of the p-^rtl-l derivative^ doe'j not nece..a jri"1 v  impl^  dii'i'oren- 
tiability    see    2],   pp.   ^>6l.     In nortljolua   f. x0 +  ö(x -  .'.c)\ -  f(x0)  + 

f04i(x - x0) ♦      «,  where      = e(x -  x ) goec to ^ero with 6.    Ihen, 
x 

f[x     +   4/(x   -   X   )]   -    f(x   ) ,.0/ 0\ ^ ..0/ Ox —i i— Li \ L  ^   i   (:. -  x  )   -t  r        ' 1   (x -  x )     ae    y     * U. 
v x x 



(1.6) F(%) = ft«x-. (i - v).ü] . r(xü) ^ i(c). 

Thererore,   I"(C)  = C.    Thuo,   ulfferenti-tin^ F(4.)    JIU  uettii^ *■ «-"1^1 to 

zero,   T^B have 

(1.7) f(x)  i  r(x0)     inpliec     r°(x -  x0)  .  (      lor 

dlft'erentiiible  quaül-conc^vß  runcticns.—' 

It ic ole:j:  rrod (l.l)   t-hat   .11 cone  ve  runetianü   J^e  qa;.: I-.-OUJ-vo. 

It   -Iso en be  i.hova  th..t   my raonotonic  :.ori-it-eri.-.-^liv   I'U'.ctlan 0.'    •  qu....*- 

canc.-ve  .function --  und there:'ore  a:        :one.vu  Tirn-110:1 --   t:: qiu.ui-conc^ve.—' 

Hovever,   not ever:   qu-oi-concave   l\mctio:i c ,n be c.:prccr.cJ   u.       to. o'/j;iiv: 

nari-iecre .jlrv;  I'unctlun 01   -   :xz::..vc  fLtuction.-       Tha.   cu.ji-cou:  vltj  i:.   - 

gcuerulisation of the notion  ol (.-oac vlv,. 

In tercu   o.' tr-iditlon.-l econoric  ti.i-ory,    ■  ^01 c-v<,   :v,.ino tiou 1    viriu 

vhich ov-tlci'iet;   the  cecoiic oruer  rou^itioc.   .'or -.   ■:~.LXM..,   zh A   ..", 

n      n 
(i.L) ^: -   -    s    1   ..    ^ i:<,   1 c. 

1 i J-l        i'J 

Qu.iji-cano'-.vity ij o w»; ker our, iition    (1.8)   .«je., aoi hvive  to holo   'or qa. .1- 

concave  functions.-'     A quaüi-jonj-ve   ^.notion  1:.  aie   that has  ;;  d^mlni&hin^ 

U.     The differentiation -^ith rerpect to 6 ic,   In effect,   taking the direc- 
tional   leriv.".tlve  of :'(;.)   ;.t xc  in TJ-LO    . i-r^jtioi:  o.   the  point :•:.     It   1.   cle'-r 

o /- -;0 

from the  ieflnltlon of qviaai-cor.CHVit,,-  -Jr.t   lYii.-   lerivative,   f _ ■'■■;'■ ,   -/acre  the 

term: —:—   -re  the directloii  co^lr« :   (.'.   -     C( >,:  )" ]   ),   nu-t be non-negative. 

For •. definition of ilrectional aerivf.tlve^,   Gee     -],   pp.   ..'u^-'X.j.     -old   [7] 
defines a  function  to be cmwex  Wvrjcis  tlm ori^TL^  if  (l. ')   ho"1.!,   (his terminology 
Is geometrically valid    Ir.  t3u  cTHie he  -lon.iderr,   vuere   . C);    <L'..'«  (1.7) 
can be  chovn  to  imply quaoi-concavity,   tlie tvo ueflnitions    re equiv lent. 

^.     (l.'J  can be vritten f; ix +   (l-%)-0j  .   nin'f(x),   f(x0)l,     Lut if 
be " tnonotonlc non-decreiclriß tranrr'ormatioD.      her. ?  ioe     u:'   re-.' T.«   - n' I-1 • 
Bint  i.,,   .-(..)  > f(x0)   Impliec  0[f(   )]  > 0 f(  ü)].     Then   or«. 

0    frW<  f   (i-^)x0    b  0    rain   ;f(..)l    f(x0) ' :ince  ? doe.    rot  r>>v.r ..   rcLJ:LT,j, , 
0 -müi   i'(x),   f(x0)    = min    0[f(x)],   £[ f (   -) 1   .   ■,-„•-cc C[f(;0]   U   M..-,i-cüfc .vr.' 

..      .'or ex.-a-r)lc,   .(x,   y)   -   (..-I)   ^     K-x)     *    ■(■'*.)]-      is CJ     L-:oa:.v   . 
It;   contour   linca    .re r-traicht liae.    that are not parallel.     :x    j....   Uit- 
ex.-^iplc   .1   the ena ol' Rurt  II    belov.     ?enchol  ,j],   ;.   !__,..,   h.-c provt-J  th.-t 
üueh  ■    r'unctlon   :^nnot be  traa.aortaed  into n joneve   function by      .ionotoi.ic 
aon- incrtiaslng  trrjisfonration. 

For ex.japle,  x.x,. ic.  q.\ ..'.i-co ..-..VL 
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nvarclnal r*t>i' of Gub^titatlon  If f    --   C,   or   r»  iiicru'.,jlr.,j wxr,inl r   u:  of 

trtjiGfornvition if f   < 0,   between uny r^tr o- vji.tolec,   or bctveen  'jiy x 

dlctlnct coapoBltc vari"blec.     Let x     ssl x    be   -ny tvo non-necdtlvt vectcrc 

not cero und not proportion 1 to •-v.ch othur.     Ihon,   if IRJ lot 

(1.9) g(u,  v) -  f{j..0 + \n:  ), u i   :,   v ^  0, 

(1-1C) ^    ^ *   -uAr^av + V  ^u-  C' 

if r(x)   i:i ca-^i-conc ivc cjid   r..'lce f if fercaii.-Lle.      It c,'_:. ..l.-.o b<:   öhov'r. 

th;vt  If (l.K)  holuj everr^iaerc,   i'(x)   1c qu-ul-cor^ :v<.:. 

/Alternatively,   if  i'(x)   i..  q'.i.oi-concL.vt,   (-i)'i.    ^    ,   -or  r =   I, . . . ,   r 

^ni   for all x,   \'rert D    U   the  ooraireo   1: ternix1 .-:.t - r 

I     C f c" ' x, x 
1 I r 

(l.ll) D    =     '     f f ...   f 
x1 Ari .n;-r 

I ..' r  1 r r    1 

Moreover,   t. siu'flcient candltia.  for f(x)   to be  nx-L-.l-ooi:c .vc  for x -   ,    i. 

r o7 

that D    huve th.5  ji^n  (-1)     for   til .; rnd   dl r   =  1, ...,   n.- 

We  seel: ju.'ficlent condition,   lor x    :_  0 to c^iiirA:>:-   "(x;   cubject to 

the canotralntv ^(x) ^ 0 vhen f(x)  -ar.    (x)   jre di-ferentiüble qu'..i-conc;.ve 

functlais.    It in not Iruß  tiuit (KTL)  ..loiv.: .~re cufficiont coculltion'-;   for ■ 

conatrLilned nuximm,   ac-  the   . ollcr^lxv; üxuriplea  illu^tr-U;. 

jiy monotonic  fjnetion of otie v iriabl»,-  i^. cle u-ly qiu-.Di-conc:.ve.      Let 

8.     Thee« pro^Obitions ur« frequently used i\ the Ilte.t'^ure ai utility 
functions,  but rlßorouü proofs btortin^  froci the concept of qu.'iCi-ccH.cuvity 
seem to be lacking.    We ^ive such proof:;  in P-rt VI belov. 
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(1.12) f(x)  =  (K -  I)3,     x & C 

imd niaxtLilie  it subject to the  conr tr .int 

(1.13) cU)  = 2 -  x > 0. 

If x    »  1,    X  3 0,   (KTL)   ir  ccticried,   x-et clonrly t>he  conetrainu-d ;-uo:i:Qur. 

OCCOTG tit x a  ^,   not x ^  1. 

More gener:*lly,   let   F^x)  be   jiy ^Udd-conc ive  l\mctiou -Jid x     j-.y 

point,   und  let 

(LIM f(x) = [?(/.) - r(xo)i3. 

Then f(x)   is qaaci-concs.v«  'jui  hau  the  -.-no nuraii.^ a~   T(x)'     ''ut-  -',.  "  ^ 

ulthough x    was choren .jrbltr -rily.     'loreover,   if ^(x)   is -ny vector  i^onc- 

tion for which L'(^ )   =  0,   (KTL)   it  b. tiL.;ie;;   if x =  x     -rl   X   -  v,    aU..ou.3h 

x    certainly need not be   the constrr.inec;  nuxlraua for !'(-:)   subject to   jix)  ^ 0. 

Ve  ulso oeek conditions under whi-:h  (l.TL)  will be nececr.axy lor  _ 

conbtr-i.ined iwixinrjin.   VJion  th--1   jont-truinti   ure qua:i-conc;.ve.     rIhe  iolloving 

example makes clefor Uie  fuct   th-t (KTL)    .re not   -Ivr.yi  nece.'t iTy conu.ltionc, 

und that  sone •-ddltion-.l coTi.ltion must be  sutiafied.     Mi^lTil&; --,■•-,   subject 

to the  eonJtruintG x    '   C.   ...   ;   C ana 

(1.15) gU)   -   (1 - x1 -   >.;,)3 > 0. 

The conctrained [naxtmau occur.-   -t x    => K,. -     ,   but  tiiore  i-, no v--lue of   ^X 

for which  (KTL)  can be  r-ti-f led   . t th-t point.     Bals exjcaple  : luo  illucLrabes 

the  fact th'.t it is the con^tr; int function.    JMI not the ceretr/änt cc t 

which must j^ticfy tiie ■-tlditio?!;--! condition.   ..or  (.1.1  )   a,^ 

(l.lC) 1 -  x1 -   x,   "3  C 

define   the  saae convex ^t.     Yet (KTL)    .re  rati^fiei    t x    with   X0 ^ 
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■when the conctr-lnt iß (l. l6),,'ind(   in f-ct,   In thir  c.se (KTL)   lu   * neceao-jry 

condition for a Lvjclman.     iYie Kulir.-Tucker Con.itr.-dnt 'tToallfiction  u dtoicr.cd 

to meet the problem.     Since It U- ruthcr   .-cavlic .tc ;  to ; Pily,   In Part III 

>)clov,  ve prc-eer.t u uiir.picr condition oi. qu .^i-conc-'vc conr~tr...int.L Viich, 

vhen catleficd,   ioiplieG  that the Ccnctr in',   x .lii'ic-tion -TU t t-,   c-tlcilea, 

and  ulierei'ort.   th-t (KTL)   ^axi neco.B-ry  Tor ;   constr'In'^d ^ixlnuy. 



Let, - relevant v^yri-ible ;>e one -..iiich c^n 't'Jce on   . :>o:.Uv\re v.lue vlil- 

out nececoi-'.rily vloL-.tinG  the coui3tr;.liit^.     Or,   ;uoro  rom-ilv,   x      ic  .» 
ü      » 

relevant  ^ariaüle  li" there   IG GOUC point In  the concur-Int ^ct,   ..-y j ,   v.l, 

•n 
vtaich x.    :   G.     Then vn shall prove the  i'ollovtnc  i-heoroa: 

" o 

Theorem 1:     Let r(x) be a dirrerentiable  tiua^i-con cave runction oi' 

the o-dimenaiopal vector x^   and let gjx) be .AO m-dinent;ioni-l 

different!able qu^sl^concuve vector i'unctian;   both Agfined Tor x - C.     Let 

x    uad X   o.tiL-ry (KTL),    JIU lot one of  tiie  rollovin^ conaitlon^ bg   ^^ilri'le^l; 

/    \        o 
(:.)    f       < 0 for .-t 1---^ ouc v Jl -Lie  K 

"^i c o 

(b) :'        > 0 for cauo relevr-nt vrinllc x 
~ 1 c 

o 

(c) .,0 > 0 und  f(x)   Is tvlce .iirfercntlc.ble  In the 

o ^ 
neighborhood o^ -.   ■c- 

(d) :'(:0   ic  caticve. 

ri.hen x    n.Jciaiix'G  i'(::)   £^hject LO ihc cw.^tr >h:li- ^(/Q a '-^   x .-:  L. 

Only cue o.* thc-&e  i'oxu' cor, lltlan.: --   jnJ  there nt.'   ix; otlier.. --   -.--t J  OC 

r.utiufled for x    to ra^-xlnize   .'(..)   a.bj.-ct   to   thi:  coni.'.r. irt.:,   if (iT'L)   i. 

üatlofieü    t x  .—^      Conditior;  (l;)  ■'..111 ot   viiii.ficd if ^       f G,   if    ny 
o    ' i 

G 

f        .   (■■  md   -11 x       .re rtilev".\t (the u r.',-l CUUü  in ficonoalc tlieor  ),   or If 
;<i -io 

o 
f        C .jid   ji',  x,,     ic relevrjit.     If no ...     i.   ixlev-'jjt,     r.^   urodlor-   ir    j'ivi .1. 

x v -1 -■* 

9.     Ihi-t is,    -11 of the  aeconj order partial   Leriv;.tlvcr  of  l'i .) 
exist at x  .     However,   they may be equ.-]   to  r.ero. 

10.    In fact,   w developed u serlec of conditions oti ^{x) cjualoGoau  to 
conditions {:.)   through (d),   onlv  to discover   r.h-i   tiie <:■ r.e-   h   -.•hi-h   tr.cy 
.dded  raivtiiin^  to con.-iiticau.  ( .)   throu^  v   ';   '^^^  v ^'-'ou... 



-B- 

Trm (■)    ~:vl (b)   it rollo'.n;  thin   .,0 /  0  1:   ^ulTiclt^!.  1.'   -11 -.     re' n-l-vcuit. 

eonditionj l(x)   :Ta^t .: .oi»;;'    1." t^,-?   t'.'^orea Co.-.. no'.,    pply.       1."    ■■   1'r.i-:  (u), 

f(;:) nuot be   .  qi^-Lil-cür.c ^c   I'UicMon th.c-t Is not concuve:   .Von (- ;,   :'.   .   0. 

frcxn (b),   f0    = 0 for .11 relevant vai'lable-o.     Then  Iron ('.).   '.ithor -"    -■  C. 

or f    = 0 i*or fJJ. relevant v-rl-bleB  ^nd r(x)   in not tvice difJcrentl-ble. 
\ 

"Hiuü,   (KTl)   r^ilü  to be sui'i'lcient in  t1     case of the  cubic   trvjicfonac  nhovn 

in ?^rt I becauje   :r    ---- C.      .n ex-rnpie   In vtiich (l-^l)   I'.ilc   aut  -0 / 0 

.'olxovij  this prool. 

Proof: We use the following identity: 

/       . s „O^  .1 Qv ,    1 0N /   .0 \0   0^ Ny   0/    1 0^ 
{    . I) - ,. V ■'      "    -•   / {'■      -    ■-    ■ \ - . A       /    -     -V       ^ „      -    ,s    , . 

IT >:     :>.; tiofier  (K"J )   '-nd x    i    In  the co...:tr-inl  .;CL,   the   .'irrt  tern 

on the rJL£ht>h.jia üiue  i:: uon-iocitive.     I'u;  .econ'   ten., on  tl»c r!,_';.t>i;uiid 

Xo tn 
       __..._ _.                    .  ■-  0,   the  j      con])0- 

^ O ^ /   Ox ! 
nent oi'  the  tenn vuiiohe...     I:'   X5      C,   j (x )  -  0,   ^nl the  fa^l  th-L x    i. 

In Um Goa.:tr-.-lnt oet,   that  i-  rJ(x )   .-  C,   iinlio.-  jJ(x  )   -   :' (  0)  or,   by (1.7), 

gJ(x   -   •:  )   ." C.     Therei'ore^   for f(x)    aid   ;(:•:)  qua.->i-cjnc'-vu, 

{.:") G(::1)  "   C,   x1  '' (     -.lie..      :^(.]  -    r0)   ;   : 

if x0   ;:'tl.-'liL'   (l^L). 

(.-.)      r ■    0  for ..t Ifc:/'3"1 SLl^   V -'l-bl    -•     • 
■'i " "        ^J 

o 

i)Uppo::e  the  theore-. i:   i.l'-.e,   :ziC   zh..*. i'or .:oir«! ,.     -  > .   -',(x')   :   G,   \*e 

^ve  fCx1)       f(x0).     Ve  i>h ill  ,>hov til L in  liii.. c^^e,   ^(x1 -  x0)       C  nilch 

contrulictc (   .?). 

th 11 
Let h be  the unit ^/ector in the  i     "   ilrection.—      ^t ;.        .." + ^ b. 

11.     h"ie   tiie unit vector in.,   c.j.,   tlx -lircvMor. o 
.   0) 



iluiii,   for  r        C u-i- :"lcieutlv  jx^.il j 

(.•3) 4-  )       ■(■0) 

IroLi (1. ,)  ^id (   . j), 

(-M :°(^    -  >-0)       C. 

o o 
CIIICCJ  :'„       v   Ü,    it  follovr:   ü\r.A. h:        U,   or 

o 

'idin«ä  (   .;.)   .-no  (. .;),   -.ad Tva-lXinc  ^'' 'i^i'lriitioii o.  /.',   "?J  h..vc 

(i.C) a.:1-    .0) 

^o- :ix. cor. M-.iiet:   (   .)   i'O the   t*i'.'ortr  uu..t U-J   «rat 

(^)     -.. (■   i'or ..QU'    re.lev ::^   -.,   .— 
"i 'o o 

ouppoi«  the   Lheore::, 1..   . JL >?,     .• ..   L.I.MC i'or  . a..-.   . ' 

have  i'Cx )       :'(^0)-       •j;"'-^1 ■■'-   zh. .11 ^hen/ (   .6) hoi::    -ii   ^h'- tlu:  L\ar>o itio. 

leack.  to   • contr ^lictioa 

tvi 
Let h be the neg'itlve  o.   '2\<..  arilt vector ü.   Uie ^i        lirt-.-tlori .-:i-'   Lo 'L'i' 

x    -  x    +  f h '.c bexore.     l^cre   jru  tv:c i: .>       '     oo ccnillcrt-i:   ■; ..  --rid 

1 x      •--  (..     Canclder  the  r'onatr   '■-..<     Ir.   .     .•...•  ^    > 0    'ii'-'icit .'..ly :.:r..ill, 
o 

;:    i   0 'uiu  (.".3)   i-  .-..utlürie:.     'V;-in (   . j)   ^-J1-.      (   •'0 •     Tlncc  ;\ 1 

.jid h  iz no'w  Lhe neg'.'civc  oi'  thu diiii vejuor,    ,; -in (   .;".)   ■-tid  (   .'.)    -nd 

there lore the contr-uiiction  -'ollav..     'Itiuc 'w-e Vi-vc   ^hcr-Ti th;.u 

l:'.     It, cji be  uhovn  UJ .t LC "..v excluiLe c ^^  ( .) •    ■  -' -i-1-   (b)    -re 

equivalent.     Clearly x f0      0 inpllc   U: t  (b)   l-  u-licfia^.     but -Juo,   (b) 

inplic:   ;: l        0.     By (. .   ),   i  (x -x   ]       0 or :     x        f    x    ior -11 x    In 
X ■■ A 

tiie canL.tr.int ^et.     ijxcltulir^: (.),   x0:"0 .  0,   so  1;' x0!"? 1:. not xjoltivc 

i"? x     -  0.     but yu)   Ljid not ( .)   iraply i9.  ,  0   -rp    for ..ono  .*   ki 'iio constr .l-it 
o * *  o 

set nnJ  :'or ccue  1 ,   C-.     •   0,   ;n.l .-^         0,   vliicl;  inplie:; ;:   :' 0.     'ßiere.oj^ 
o       '^o o 

x fx ="  0 Uiplies th-'it (b)   i:; not .-. tls-iec,   '-Aieucc   (b)   irn)lie. '       C. 
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(.:.7) rU0)   .   i^x1)     .'or    /(x1)   "    ;,.   .}      0,   ::\    '   -. 
o 

1 
BJC   in-.'iu. J It;   rvix-hi-   tc  i •.■ provel    or .■:.     -    ..     Oi:;ce .: 

"o o 
va:it virlr.ülc,   tiiere '..-111 e;:l^t uoi.x- poir.i  in  Lhc co'.^tmi.M .;e i,      .,   . 

* 1 1 for 'Aich x. 0.     Let x    UJ   .ay point !:-•   tiif; ooK.Lr- Int uit v-i'J-. .:. 
0 i * 0 

Let .:(t)       (l -   t)  x~ +  tx .     r.lncu   ttie   'or;r;tr .ii.t uet i"  convex,    :(t) 

o-tlaflet.  the ca-.ctriiiiit:  ior r ^ 1 .. 1.     ."xjivovcr x.   (:)      C if   - ~   0. 
i o 

Ihen,   lYoc-. {   ./) 

(^:) :(x0)   .   i[x(:)l      .or  t 

'lov,   x(t)  ;;Tii)rü£iCjlj«s x     .;.  t   -ppra.cue.  - .     I ' (   .^ )  ■yv. l.ola 

axbitrurll^ clooe to   -.ero,   it au^t ho^..    or ..    ^.a \^ L vt- 

(..9) ^(x0)        is1). 

U-. 

(■)     f° / 0   Jid  i-jx)   U  tvic- ^i.T-ronti.bl-  Li  v.c t.o 

aeijh''-iorhoo- o.' x 

0 CO P.iTtitiCKi   the vector ;;    into  '/. > - f.-ve: .or;-,   •      -.no corrt«,   .o; ;i"-- 

to  Uae relev^;t   JU:   Lrrelev :;t v ri .lie.   rc;^.'iiivol;.     'ilica 11"  •.■'.i i-x-lv -; 

o   / 
tlif  tvo 0L.i;e.    ilrerjij  covere,:.    /at    /;:rie   f    -«  f..   ".v  u'.vc 

( .ic) r0 - c,    r0 :  o,    •;0        c.   .-ar .o^.-   .•   . .... L 
o 

o 

by the definition oi'  ~:\ inx-levxit  vri-bl'.     0 C   cm -.    -  '.  lor   .11 

x    --  (y  ,   :: )   in  tht  constraint Get.     Iherei'orv, „o prov»-.* "i:<.j   uh^orc-t, it   i. 

suTficient to prove   that f(y  ,   C)   ;   i{j   ,   C)   lor ,11 y    : ^ . 

De line  the  lunctlon 

(:.il) ^u.   v)       1 (1-   u)y0.   u/,   v"]  -   --(A      ) 

for 0 ~ u 1 1,   rja-i v ;,  0.     lor   ny :;    _-  '.    i)u  lur uny .. .'.   .   ouch  üi.-t   . 
o 
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1.  - It»- y. 

BecuuL.e  It 1c et;G«ntl;iJlv  r(x)  vlth  Üie r;mge  o:' vjlvtion of x re:;trlctec 

to a convex subset of the non-nß^-tive orth-mt,   ^(u,   v)   iti qu .jl-concuvc. 

ISien V8 have 

(. .1^) 

( •13) 

nn .1 

(' • i;0 

0(C,    C)   -  0, 

0u{c, o) . r0(/ - >0) ^ o. 

Mc,   ^      ."T 

Ue '.rj:-,   t/^  nrovc  j!(l,   C)   1   s,   or   '.o   ...^irav**   ti'1.,   0)       ■-.      I'J   .o  . o, 

rtrct ve  clv-il eü^-bli:;h   tho  :-.ct täi.-.t   .iLiiin       .UJJ. i.-ieaU^   ^;:.Ji   rv ^'i.or- 

hcxxi oT ^ero,   p{:a,   o)   I.'  eiüicr ;io: It.vx,   .:'_-ro,   or ni.-L;.'.t,ivo  (bu .  .-o    'joru 

tlian cue of tiio  three).     rJaea \'e  .h .11  S..v'.:  lh-.\ ^( <,   C)   -  C   ^i..  v'( i,   '..")      v'. 

in  -: nei^hborhoc. oC -.ero   j%t  incocp^.t,i.-.ic; -..'iUi ^(l,   C)       >" 'Ailv   v(a,   C)      o 

contradicts the hypotlxcoei; o.'  ciie   '^icore;:.. 

Firut,   If for joau u   ■ (:,   ^(ü,   L)      ',.,   t^u*:. by qu-'—i-con. -vit   ,   (l. .) 

and  (f. 1.).   ^(u,   C)  =  0 for   -11 u   ;uch  th't 0 '   u '   u.     JIUL.   vLtixer 

0(u,   0)  ='  -  or p(u,   G)       <     or   .11 a ii    til«.-   li:terv.l.     i:' ^(u,   C)   ..    \   «.it'uer 

there exiütu Liatae  sequence a.' ix^Lnt.. u    ...ppro-chiiv:  .-.--■■ro on. \.hIo:   ^(u,   i )      u, 

or tliere doe:  not.     I:   there   ioer  now,   0(u,   C)       L   "or u.      L    .u.. i« ie.-.tl;/ 

BmuJLl.     If there loe^,.   then,   1    cw-ui-;:<xvc;.vity and (l.!„),   ^(u,   C)       '   ui 

the  lnterv;LlL3 between   oiie poinc^; in   the  aemieticti,    .nd there Tore  y'( ..,   ;.)      '. 

for u      C sufficiently .TUJJ.    Uiereior«,   t.-iUier /(a,   C)   "   0,   or 0(^,   C)      o, 

or 0(u,   C)   •   C in a neighboi .ooc Oi" a -  C. 

Cleai-ly,   If 0(l,   C)       C,   :..; (i.   ),   .'(u,   O Or   .U u  i-   r.hu   1 >crv .1 

C  r.  u ^  1,   ;ind 0(u,   C)   c-anot oe noc'..wive. 
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licrv.',   cuppooe 0(u,   O)  -  0 ii    -n    iic;i,:iruorhoo t O-' 0.     1:' ^(l,   C)      0,   ve 

muct have 

(<.l.) 

0(u,   C) 

^(u.   C) 

» 

* 
u    ■   u 

^       "« 

.   ih. r< U vhere u     ■ 0.    Ginco,   by (.'M'.)-   «^ (       '"^      r-   xh:?*.   U    .     >l.:iG:',   a(v} v 

th« eq ant ion 

( .10) ^..(v). cj -■ ;(„ v). 

v.lth   ;(■/)  _  u ,    i'or v  ou; I'icler. 1,1^.   srru.ll.      l^ie  solution ^^   not i>e 

unique,   bat  tilit   aoe;; not :.k.t:^v.     In  '.si'j c .:>■, 

(.1) ii:. u(v) *. 

* 

Lit 4   -  1 - —7—r-   --n^ i'ona - cocbir.   tior.  oi   the oolr:t.     u(v),   ; ]    n>l  (c,   v) 

vdth  the -^ei^ht.:  1-4-   JIU 4 rcL^c civel:;.     Jieu,   (   . 1'")  :u^. (l.   )   inpiy 

(..i.) ^[(1-  W).(v).   Wvl  -■   C('/.,   «v)  .  e('-.   v). 

i'lj) y-„(^ . v )        —i 1_-—^—■—^ 

.-.■> 

•6 
['or r.ane v    In  \2ie interv .1 •   r   ■«     - wv.     ;-(u    »"(u ,   c)   -  C,   ty (;M'y), 

ao th.t (   .lo)   -jjtu (   .!,.■)   Iciuly 

(••  ■' ) ^ >   v  '    ■     $ v   • 

Nov t.i:e  the limitB o*  both sideü   .0 v   .ppro-cl-eL   ..ero.     l;y  (   . 1?),   4 

approuchos zero ae v does.     ' »-^ • •*■     upprcK-chao 0 (ü,   ü)  '.mica Is pocitive. 

Thcj-efore,   the rlgbt-hioid  side ^pproacheu infinity.    Since $    is dlf- 

rerentlable by hypotherlc,   It  is coatUuou:,,   ^c  'üi.t the  lurt-hiuv". r.lae 

approiichea ^ (u ,   0)  which it;  finite.     Therefore,   the hypotheaer. lecxi to c 

contr xili-.tlon,   and /(u,   C)   -^  (.   '.'or u ■ r.o ^(.:,   C)       '   ^TP   Incor.rutible. 



Fin^J-ly,   uuppotie 0(u,   0)       C   :'or u       L  ^ur:'icle: tly jr. .11.     Dei'ir.a   i(v) 

;aj  lii (. . 10).     Uo\i 

(.\:l) 1^;       u(v)   - ;; 
V —►C 

Consider p(u,   v)  on  the line conn<jitiji^  th:- point;   (c;   v)   ■.•;..     a(v),   .]. 

Clnce 0(u,   v)   is qu:.3i-conc..ve,   iu. v;Jue    -ion^ thl:- IL'iC r.u;t  le jjiv.tcr 

th<i.n or t;qiuü.   L^D ilu vuluc -t the eaJ. rxsiriti^.     ..heir: ."ore,   tin;   uireetiori^l 

derivative o:' 0(u,   v)  at (u,   v)   in  Uit   ilrectioi.  o."  ^(v),   '. ]  roiöv, DO nun- 

negative.     'Act ic 

{^-) u(v)  0u(G.   v)  -   v £>.   v)  .:   j.^ 

Ihlc cijr: be written 

Tnhljv.', llmitLi  '^ v,    uv.  therefore  Li(v)    .pproacn  ;x'ro,   \<v out. IM  C  (o,   0)       ■ 
^ 1V >- i    v) 

on  Üie  rhiht-hanu  oi.it;.     ui   tno  L. .'t-h-mi   .lie,   tl;e  Unit o:     .;■  \r 

appro^chea  ivero lu  0    (   -     ).      T;e oxi.:U;ncv  Oi." t..l.   .icriv  '^ivc  1-,   u-' JU^LTOC, 

one of  the hypothecej of tlie theorem.     Uio  linit o:" the lert-h:incl  .3i'le  ic 

zero,   v/hlch is u contr:,uiction.     'iliertn'ore,   i{j.,   L)  .   G  for  u      C DU/I'I- 

clontly  inall contr.-.uictc: the h)-püüiejer.   of  tvue  theorem,    .n-:   p.'ij*t (c)  ol' 

the theoTOTi is proved. 

( i)     :\A)   ic  corA--i.ve. 

Ij,.     'ilii^ ic .-n  -upiici.tia-i oi  (l. ;)   co 0(u,   v). 

lU. Ibis is raore gener-J th'ja the Kuhn-Tucker Theoren bec'..ur,e th* 
comporentc of g(x) ^je tiCGumed to be qan.Gi-concave rather tii n eoncuve. 
See  [■*]. 
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(1.3)   -n<i (   --)   üaply  i'(-<0)   -   ^(■■-  )  -"or   dl   c"   .-  L,   ^(A ) .   ...     'ßiU 

coapletec  Uie  proof oi' Iheoreir. 1. 

Jov we  shall canntruct  l-.plicit.l:,        ti\'crent.i. ble  (in r.i.ct,   continuoucly 

-ivr<.-rerit,l'ible) quasi-concnvQ  lAmcrlor: \ti';li .   lizi'icz   (Kll)   -t 1   point >;    vltli 

:; _ / C,   out vtiich uoec not he vt    ■ co.-i ti-.tnc: ... :.lnu;,    ..t th;it ixiiut.     Üi'j ux^-nnle 

lr) designed  t* shovr tiiut alti-o^v. tLu -joncltior. oJ twice   ilfl'ei*4nti;.bllity,   conci« 

tioc (c)  of the theorem,   CMJI bo wu^ened,   it cmnot be alcpenned with 'J.together. 

.^ron   t-^  proof,   1*   ^     ^l" r  tJ.   *   ■• i^V.    .;■   s":—;:  r.-;  *. tc     .^..   1:. 

fanction,    :'(.',   J   witii   fv(
l ,    -)        ' ■    .(■-.   ' )   po.^'^V',    ir.  u rl,;;. >:..•  . 

neljhDurhoo..    JI..   .' (c,   () 
i' 

lae ex^nple will  IM? chObe:    r.o  Ü. .t f{   ,   ;)       y,    ."  (.:,     )  -  -.,lo;  /.  for 

/. it ina  l/lor -.  for x        .     jive'i  -aic ae:'initian  0:"  :'(/:,   ;.)   on  tza-  two 

,xac,   we complete  tiie .;>. i'iiiitioi; t v.   renuirin^   uv.t   .11   the   luvol eurve    b<; 

.tr-i^ht  liuoa,   which  ii oure..   L':o  qu^i-con-. -vi-^   0/   'Jie uxt-u]d'~.     fomll^, 

for uny fi>:e : vduc 01   l'(x,   y),   .-ly z,   •-x.  define,   Xv")     '>  tue  ..olution of 

th».  equf.tion,   :'{•.,   ^)   -   z.     "Äen  tho  level cvrve  .(x,   y)  -   : ii.'^r^^t:   tho 

X-i'Jil;,.   -•..   /.   ->   A(Z)    .;:(.   ^he   y-.-;<i:-     t   }   -   ...      If   ^..c   level   .;urv ■   i:.   to  c 

Jtr.-ii^ht  line,     .... (x,   y)   ic ;uiy poini cxi  it,   wt. ;.-vo, 

(..c) x^T,"■■1■ 

For  fi:e.   x  ..nu y,   tlier.,   f(       y)   I.   -JIC uniqac  ix>3itivL- v.lue 0    .:  for 

which  (-.^4)   is  satiefieu  (except  that  .'(.<.,   y)   3  C   for  x  =•  y -■*  0). 

Since  f (O.   C)   = C,   f (o.   C)   -  1,   (KTL)   is  ^.tUfiei   .t tlje  origin for 

the  constraint,   -v  a  C,   with    X   «  1.     but the  origin  1c not       ;ünrtr-ineu 

miuiEroxr..      It renu.Ln'.  only   co jhar*   U,  t   '.'    >-:        ^    JV   jontir.ao^..^.^     i: icren- 

tiuble.     The caiitructlor. :r.-Jcet,  cle-.x,    .n .  it  :.'-:i  be   ohovr.  '.n .1 y ti ■-lly,   th:.t 



no dlfricxiltv  eoulu arije except noi-uibl    ■ t  the üri/.i: .     "lie   ;varijt.iai: 

and  r    cm b«; evaluated  rrom (. .,;,)   b-   iiipliclt    ir.'creuti .tlon,    .v. .  ^•jnnVl 
y 

pausii^e  to the  llnlt i ;; x and 2 ^ot•^     i^proicb  -ero : ho'..".,   th. 1 boi'i  "re co:,- 

tlnuouL.   vltli  :'    approaching  r.ero '-na  :       ovroi.c.ii.i; 1. 
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III.     IECESS/VRY COWDITIQNi:  l^OR .> COI.i:'^. i:^?- ^XJLHl' 

Kuhn tind  pucker  [H]   bhoveu th|
J.,   (KTL)   ire nece.r-ry conditions  Tor a 

conctr .Ined Lvocinaun provided  üit cun.-.ir'i.int  :\uicLionj ^(^;   3.ti;.dy   i ^cuidi- 

tion  cenatrd by then Uie Cotibtruint .;j^-ll;'iL -Lioti.      ."o ^-^to   '1.<J conliLioa, 

vo dei'lne - conv.inea m^ ^ t'^e -■iif^t.iür:  ^T -   (<^-, ...,  ^ , )   to be   . 

vector  function  V(^),   ufi-'incd  :'ür  liie reul v.u-iuble % *' -   ü.   -ri iutc-i-v^. 

beginulug   -t * = o,   wnc^e VJLLUC^  ..r«  points  in  tin- conGtr;-int oot,   uxic 

differentiablo at « = 0 vltii Y'U)  = 4^ •     ^e lavtr.int ^u.-llficr.tion then 

requires tli.it Tor i-ay x    in the  conctr,i"'jit  set,   thcrj 1:  ■. cont.inei p..th 

with V(C) - x0 in .-ny direction £ ->. tl-i^l-,/  txie condltlont 

, ,0 

(3-1) ii"     :"( :0i   -   C      then    r.^  £  ~     , 

{},.?) ii'    ;■:.  - C,     then   yT .  =  C.—'-' 

To cr^cp the no.'tnin^ o^ theu.   con-litioao,   cor: iier   a.y con^tr'int.   c (.•;)  i.  t, 

effective -t y   .     The   tangent L^-per^i.-nc,   c      (:: -  x )  - c,   uien   iivlcie.,  tht 

eptice  into tvo ha.lf-cp^ce J  (provide.; £    f 0),   ar;-;- of vhlch cant-ins the 

cocL-.traint set.     Then the alrectlou    ^^tir.iyin^  (3-1) nust jxjint, into or 

ilon^  the boundrjry o.'  l.d;-c lulf-stv-.' ->. ^jj-dl-^r  reEuirk 'irplie...  to tiio 

eiTective ncaa-negativity conr-.tr'.irt.;.. ^icn the ConüU'uint y.iK.lii.Tcütion 

requires that Tor every direction ."rai x vhicn i)olnts into or -lon^; the 

bounaariet o."  the appropriate huli'-cpjuceü  .or •   -en effective COJK tr-iint, 

0 fo 
there  is baue p^tii which bet;inc at x    in the   :irectlori  y»  'ill of ^JhoD<i  points 

o 
in eorae neighborhoo.l oi' x     ux.  in the cor' tr .i:it  jet.     Ac Kuhn   j:id Tucker 

point out,   the Constraint Qaaliiic-tioi: It   cea^ied to rul-   out sucn bingu^ 

loritiei. ua outviord ix)int,in^; cusp:    it um boar^cHry oi   '-he  caucraint set   -t 

which   X'u satisfying (KTL)  :u-   not c-xibC 

" 15-    Kuhn and Tucker    M,  P-   ^3,   require  the path to be  ilfferentiable 
but fa. careful reading of their proof (p.   k&h)  ahovs that only differentiability 
at Ö « 0 Is used. 
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Ii\  'l],   eoraj clnrpler conditions vtlch,   'Jlier.  .-.ticric-u,   tiioiv  Üia.t the 

ConctTLiLnt .Qualification ic u.-ticrie.! ven.   ^tuüie '>..     mo  euch condition ii; 

Uiat g(x)  be linear.     Another  in  that ,:(;;)  be concave   -nd  that ^or scsat; 

* - ♦ 16 x    =  0)   sC-4  )  > C (th^tt ic,   e ch coor-L.'.te  1c  positive).—'   1:'  cho  caiotr..int. 

{;(x)   arise   fron a problen in activitv :injJ.y;. lr,,   tiwi,  this conditiof. ü^ans 

tliat it ir; poceible to i-educc  »J.1 Iniui: 1 ; v liabilities o:   prii-jr:   con.ioj- 

ItiCL;   to LOCE extent tuid  still produce 3. positive  .jao'ont of each interajainte 

ana final good. 

Since vr» are interested here in qa»:l-concave cot.straintü,   ve chsll 

general"'z.e   the latter  condition. 

TlLeoreTu Let j(x)  be  an. LV'.ia>.':ioioi: .1  Jii^c^nti-'-ble ^a.r.i-coric .ve vector 

function.     Let gyx )      G for souiu x    a c,   unx  for cfvch J  let eitner 

( J.)  ^ (x) be car;ave;   or 
.0 

(b)   for each x    in  *he constraint -.et,   &   f  t*- 

Then g(x)   satisfies  tlte Cau tr  ij:t .,. Ufic   .ion.     Jriere.'cre,   i.   x    Uixi^iiive 

any uiffer«nti^ble   tXinotiai  .(..)   iuu^ect,  cc ^(..)       '.',   (irn.) naict b».    ---tisfic. 

Proof'     If ;•(>   ) f C.   thci    ( •.)  :   (   io sot.x i;eI(;:rcorhoo<l of ::    in vhich vc 

can   flnu L.   ^/oint cicn  t.l.:.; ^    -v.     "!■,::..•< ,   vit'/uo^t  l^s,   . ; ^encrf-lit/,   '..•'.■ -:.■ 

suppose 

10.     Ibis conditioo va:   us^c  1-.  .'.   {lifter   i^l  in  tV.v   : u-.c   1:1 vhich  I'CA) 

is   -Iso assur.ua concave. 



(3.3) 

Since x    belooGc  to the constraint, oet,    .11 v;iri'iule.; (je reic-'.vi:T..     i 

e;d(x )  ^ gv(--: )  = ^»   Cü(>:)   i" quael-ca.cave  ^nu g^'    * 0,   than by  uhc tir^-'-- 

raent unevi In  uie prooi o^. jicjr^r, (-)   ^nu  (b)   o:' Theortr:. 1,   it .O1-LOV     O.V.V. 

(3.M cf(^ - xü)     .. 

I-" C iy)  iG concave,   (3.!0  iollov fror (l.j)- 

Ve nov proceed riloiic lino.   jinil..r to the ;'rcoi of 3icorcni j i^\  [1], 

lor any ^ Datiifylnß (3.1)   -Lnd (3-2),   aeflne x{w)  ^ x0 + ©^.     I.  x(«) 

belcnco to the constraint set lor ^oae 4 :   1'.',   then irotn the linejrity oi" 

x(4() and the convexity ol the constr' int set,   it  i'ollovü thi'.t xC*»)   ^elon^o 

to the coniitruint set  lor .-11 vulueü of *» lee;. U-OM 4.     Ihereloi'C, ^(4)  Is 

L   contained pctth in  Uic  direction <?.    --^  the requiretnert of Uxe CofiCtrr-in- 

.iu/.lification ir. saticfied.     11 :c(fe) loec rot belong to the conu'jruint i;ew 

for cjiy 4 :  0,   oefine  ,^{4)  -1, the- hx^cx. vJiu,- of^^^-ruch  th.t '.he   poLr.: 

(1 -^u.)>:    +  i6x.{L)   licj in tlie con^tr^ii.t :xt for 4 -"  0.     Let//^(C)  --•  1. 

If x(*)  doec not bela^ to the oon:.-^- .uit wt for 4      C.   cl.;nrly /^(v) -   1 

for 4 > C.     IIov define 

Ve ahull uhov that "VC©)  ic   . contained p-'-th tu MIL  direction  4-,   whence 

"vöaln the requirement of the: Constraint   iLfllifiv:-tiaa vill 'LK.   L.'\t,i:-.'i«_^ and 

our Theoreri will be proved. 

By conotructior.    V(©)  belongs  to the  con.;u*cii:it oet for all 4.   ain 

"Y{0) =» x .     Hence,   we need only shov  that V(6i)   is ulflerentlable  e.t *■. -   v. 

and  y{0)  =» ^T.     Differentia tine (3..)   -ad  .%ettii\i « =» C,   \.-B hav»; 
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(3-6) Y'CO)   =   (::0 -   X*)^(L)   +C$. 

Thus,   JJ.£ WUE ^hov/i in section k.k 0:'    l],   ^hcr.-iii;- tlint V(C)   * £ ic equi- 

valent to bhcrwlng that^/^C^)   in dilVörenti-bL..'  et 4 -   .,   .-rid  tii:,t,  v^(c)   - C 

We chiJ.1 x^ruve   t>nic by cbcrwliig tiv.t the  coritr j'^  voilu le;.-:  to a canLrv- 

dictlon.     Suppose  then  th .ty6t{$)  i.. not ülx",!,eix:r ti:.blo  -t, %   - (   or  th.-.t 

Ä'(ü)  ^ 0.     Then,   since^{ü)  •   1 --• ^(c)   i'or tf      C    there- uu. u e.tiLt :: 

^equeace of viluec of w, 4«  ^   .-pcrofxhin^ zero    c n (j;rov::  iMTjje  euch  liiat 

(3-7) lin     ^^ "  1      -    -c •   0, 

vhere  c racy pocülbl^  be  InfLaitc. 

Flrot,   ve  shall  chov tti;t ,^-(4)   io continuous ..o 4 3 0,   ..n',   cherefore 

that   .v(<»  )   -p^roache.-. 1  av %    amxro'-ho.:,  -ero.     Since r;(.:  )       C   -ii-l /.        ^, n n ON     / _ 

it is clear th.-.t for nny given ^,   i. particul.^r %  • ^^i =,yy(fci)  -   ^-    ^0i' 

any * in the interval 0 a 4 = t.,   forn the cotivcx r.-onbin; tlori (intern 1 

averse)  of the pointc  (l -   ^1)-.    +y^-/(4,  )   JJ^J X    '..'iU:   'iie -»Ji^tc 

c, « +y^1(^1 - ^)] :^ Ai^i - 4)   4 +yy'i^i' ^] 

respectively,     'ilie convex  ca.Vjina;ion i. 

-(1 -  ^^ , ^t, 

Since,   by the definition ofy^(^),   (l -y^O^    "'"y^W^4!^  "^^ i0   -re boUi i1' 

tlie  coni traint eet,   the convexity o^   the  cor.^Lruint   .ct iaplie:   th^t thv.- 

convex co^iblnutian (j.^)  vsazt rluo 'x,  iii  the cacr^truint -Qt.     ...^axn,  b^.   the 

definition 01^(6)   -ud by  (j.-), 
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.Vü 4 .-.pproacUeo zero,   th« ri^^h^h J. :  ..1,.^   ^vi  'iieroi'ore^C^)     pprcv-ch 1. 

Uiere.orc, ^:(ft)   It-  ccRitLiu.cr.-.:;   .:. %      0.     I'll:   ijtillei   th.i 

(3.10 lim   XO --• i- 
n ©• n 

How ve proceed to olic    ti.at (j-Y)   ccn^'-alct:: either  (j.^)   or (3-3) 

Chooofc u  finite v iiue o:' b t-ucn th.-.l C  ^   b ^ ;;,   uiu   iciim. 

(3.11) xn =   :i -^(«  )  -  ^   l/  +   V^* )  *  b4J :(C  ). 

Either there IG uri  infinite  lub-^eqiu?i co  or. vuiuh 

(3.10 -•'■ L.  .. 

or there  li    . cub-r<queixcti oi "Whicb,   Tor cacb ü, 

(3.10 ^<o 

lor ijOLtj  i.—L 

Suppotie  (3.ir.)  holdj.     ü:   ix-'vx-i.: olrv; öur;.c,'.vec  to UIü  i-eli.-vjit :.u\>- 

stsquence,   we av-y C^P^OLü \;1UIO-I'   lew  o." ^'., per'.111;   th*-t (3-1') hold-  v'or 

vXl a.     by the dfi^liiltion <J: ytA.*  ).   ;;"  c.-nnot bclca^  '^o  Iht   conctj-;ii t  set 

if «i1    "   0.     xhere'ore,   .'or e.ch u In thu-  .jub-.A-queace, 
n — 

(3.1M cJUu) • 

for borne j.     Since  •t-ile  Jub-.-equeues  on wtiich (3.lO hold3 is  infinite,  but 

there ;a,e only a finite mwiber 01 ctxt^tx -intü c (x))   there nuL;t b« t:t let-üt 

one corutriiint for ^ioh (3.1') holaj  for tnllnitel;  rrjniiy n.     iiy rer;trietin^ 

oar attantion to thir. uub-woueu^c-,   v^  r:*..   L-CGIL«,   --^ 1?.  '.without lor.D o: 

generr_lity,   th^t (3-1^) holdG for   JJ   n   x*C.  ±<XK.  b^.clflc  ^.     Since x 

epproachec x    ^UJ n grove l^r^;0»  vo ou^t 1 • v\  j' (     )  - ^.     r.inco £:    i& iu the 

constar'-int act, 

17.    Of course, bc'Ji eoulo liold -IILO. 
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J/ o> (3.15) gJ(xu) = 0. 

Now,   select a direction C- vhl^h cuitisfiec the? hypotheGes of the Con- 

ßtralnt Ciaallflcatian.     FJrora (3-15) ^nd (3.1) 

1° 
(3-16) g^   -   i. o. 

Pro« (3-14)    (3-ltJ)  and quasi-conecivlty (i.?),   it TollovrB that 

(3.17) ^Un)(x0- xn) I C, 

oar,   if both aidee are divided by 6       0, 

(3. Iß) gV)   ^4^-    ^ 0' 
n 

From the definitioai of x ,   (3.11),  v« have 

(3.19) i^JL  .  f1'.;-^ - b\ U0- x") - f X(^ ' x0 [ [ ,4ej * wj, 
n      ^    n      > v     n   J 

Recall fren (3-7) that lim  ■^'W " 1 = -c, while lio [^ (^ ) + b© ]- 1, 
n»— *n n   ,^ n n 

and,   from the definition of x(«i ),    —-* ^- » ^ .    Thua,  we have 
n 

(3.20) Ilia      X   '  X       -    (c - b)(x0 -  x*) - £*. 
n -^ ^       n 

But Blnie    lim     x    = x    ,   taking the limit o:' (j.l'J) au n-* «   find applying 
n -><=»« " 

(3-20)  yields 

(3.21) (c b)^0 (x0- x*) - gJ0^: >0. 

'0    0       *    v. 
Since c " b,  and in vlev of (3.1^).  "^ naiat h--ve e^.  (x   - x ) ^ C,   vhich 

contradict« (3.^).     Iherefore,   \m have shown that when (3.12) holda,   the 

supposition that >^(0)  ^ C leads to ■- contradiction. 

If (3.12) does not hold,   (3-13) nuat.      ^-l11 by ntiitrictinß ourselves 

to the relevant sub-seqvjence,   we may suppOvie without losa of generality that 
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O   s 

(3.13) bolds far all n,   and far sooe t.     Since,  by hypothesle,   x    „" 0,   if 

(3.13) holds vre must hav« x.  » 0.     TJIUü,   if ,>" Is to sutißfy th« hynotlMsos 

oi the theoartm, 

(3.22) £^0. 

Also, froo (3« 13), for « > C, recalling that r0 => 0. 

o   n 

(3.23) -ij l    ~  0. 
n 

If ve take the 1th ccraponent of (3.20), and apply (3-23), ve have 

(c - b)(x° - x*) - ^ > 0, or, from (3-22), 

(3.24) - (c - b)x* l  C, 

or x. , 0,  In contradiction to (3.3). 

Thus,   vn hare shown that the nupposltlor. that ^ '(o) 4 0 l«ad.G to a 

contradiction.     Therefore V(ö)  is a coot^djaed path In direction S, vhence, 

given the hypotheses of the theorem a contclneü p.th cxlcts and the theorea 

is proved. 

If the hypotheses of Theorcnu: 1   uid 2 both hold,   (KTL)   are necessary 

and sufficient for a constrained maxinum. 
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iv.   ExraaiBicirs or ism IHEORS^B 

(l)    Dropping the Noo-negativity Coostraintc. 

If f(x)  and g(x)   ore defined  for L11 X,   and not Just for   those values 

in the noo-negative orthant,   the conditions (J.),   (b),   find (c)  of Part II 

b^corae merely f   / 0,   foor in effect,  cJJ. variables becoue relevant.     Ihat 

?        1 Is,   In the proof of conditioD (b),   ve can nov (.onstruct x    =» x    -f    cfih, 

vhere h ie the negative of ti e unit vector in the i       direction,   even if 

x.    ■ 0, for the proof depends on the existence of f(xt),  and not ou x' 
o 

being in the constraint set.    BIUG \*s can say that (KTL)  is sufficient lor 

x    bo MLXimize f(x)   subject to ß(x) i' 0,   -where  f(x) and 2(x)  are dlTferen- 

tlable qucßl-ccncavc  functions provided tluit either (-)   f    / 0,   or  (b)  f(x) 
ä 

is concave. 

In thil cos«,   the  first tvo lines of (KTL) becoae simply f   +     \ g   =■ 0. 

The analogue of Theorem ^ also holae.     If g(x ) > 0 far sane x ,   ond for 
o 

each J,  g (x)   is concave or quasi-concave  'jid ßJ    f 0  i'or all x    in   the 

conctraint set, (KTL)   'vre necessary for '• constrained cuücimum. 

(2)    Equality Conotralnto. 

The constraint g(x)  ■ 0 can be exptressed by the tvo Inequality con- 

straints g(x)  I 0 and    -g(x) 3 0.     Ihus,   if g(x)   r^d -g(x)  are both quasi- 

concave,  ac they vlll be,   for exaiaple,   if   ;(x)   is linear,   Theoren 1 can 

be applied. 

In this case,   the  last  tvo llaeu r0 (K7!.)  bocoi.« simp.lj g(x )  ^  0. 

There is DA analogue of Thearen 2 here.     However,  ve hare already 

pointed out that If g(x)   is linear,   (KITL)   is necessary for a aaxlmci. 
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(3)    Uncon«trained Maxima. 

First,   euprroae that all variables nur.t be non-ne^.'-tl^,   but that  tiiere 

or« no other ccnstraintß.     Sirice JJ. varl-blet: are relevant,   condition;  ( .), 

(b),   and (c)  of Part II becoc»  f0 / 0 aü in (l)  above.     (KTL)  becoDet 

f0 t 0,   x0f0 =>  0.     j^ieae ctateuentc  toeether iarply  that x    maxiair^B Uie 

quaßi-concaYe functiai f(x)  for x > 0 if either (u)  ^ ^ 0,   f° ^ 0,   oad 

x f    » C,   or (b)   f   =» o and r(x)   is concave.     'Uli  I'lret condition requixeu 

tiu^t the ueuiJ.  first-order conditions  for a in jclraun be  satisfied with at 

least one comer variable.     In effect,   Uie existence of the  comer variable 

rules out such possibilities as that the apparent mnximuni was produced by 

u cubic transformation. 

The Constraint Qualification is au*ODBticaHy satisfied in this case. 

Hence,   for noi>-nogatlTe variables,   f    1 0,   x f   ^ 0 is necessary for an 

unconstralived naxliam for any different lab le f(x). 

If the variables are not required to be non-negative,   (KTL) becones 

f   = 0.     As the exanrples 'it the end of Part I show,   no conclu^on can be 

drawn in general from (KTI.)  unless  f(.:)   is concave in which case the condi- 

tion is clearly sufficient for a maximun. 
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V.    ECCNCMIC AFPUCATICKB 

(1)    CoasuMBr Dexaund. 

Tho fundaawrtal paroperty of th« utility function in the tlieory of con- 

sunar dnmnd is that the indifference curvec define convex oetc or a dim Jiishing 

nargin&l rate of substitution.     IIIUD,   the ulnlocl property of all utility 

functions is quasi-concavity.     The propocitionc of contuaer demand theory 

such ar, the basic Weak Axioci of Revealed Preference follow directly from 

quasi-concavity without appeal to bordered determiiiajits of püjrti:*! derlvti- 

tives,  noootonic transformuticnc and the like. 

let the utility ixvctlon u(x) be quasi-coneuve and ascuine non-satiation, 

that is u     > 0 for sons x .    Then the mmal first order conditions are 

necessary emd sufficient for n constrained rv.ixiiirjin.     Let x    satisfy the 

conditions 

\    '    ^0 Px    = 0 (1=1,...,   n) 
"I Ai 

(5-1) x° (u°    ..     \0 nv  )  . 0 1      x1 .^ 

\C (B -  E x%    )  =  C i    x  ' 

vihere p     > 0 is the price of a unit of x.  and B ir the consumr's budget. 
0

Xi 
Then x    aexlnizee u(x)  subject to the canstraintr B - Ex    p      ^0 and x > 0. 

1        ' Mareonrer,   if   A   > 0,  ond the assumption of non-satiation assures ttit it 

will be,   x    minimize^ the cost of attaining u(x ),   for it maximlzea -Ex    p 

subject to the constraints u(x) - u(x )  ^ C and x ^ 0.—' 
i 

Iß.    u0      -• 0,   p       > 0,   and u0      -   X0 TJ       ': C imply    >? > C.     The 
xl Xi Xl xi 

O 0 o O 0     0 
first two lines of (KTL) for the second uaxinum ixrobiem ore -p     + ^   u     ^ o, 

xl xi 
ond x°(-p     + ^0\x0 ) = 0,  or (si) with ^0 ^ 1/ >f. 

xl Xl 
The eufflclency of (5-1)  for consumers' demand theory is widely assuaed: 

howrwer,   the only xdgorous proof,  under rather severe regularity conditions, 
le that of Wold [7], Qieoarem 6, p. 07. 
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{?.)    Production. 

The th»ory of eiflclent production can nov b« ox tended to include 

production functione that cxe quuai- concave Irut not concare,  that i    to 

those cases in vhlch there are increfisln^ returnu to scale but a dlninishlng 

marginal rate of substitution. 

Sujppose,   for exanple,  that an enterprise carrieu on production in a oet 

of independent processes vhlch transform purchu.üed inputo into intenasdiate 

goods TJhich are not traded on the market,   and both into outputs.     Let the 

scale or intensity of the JL      process be measured by the variable x .     Let 

th th /     » the J      output or Input Into the i     process be a monotonic function g. ,(x ) 

that is positive If the caaoodity in question is an output of the process, 

negative if it is an input.     Kunber the final outputs J » 1,...,  n ,   the 

purchased inputs,  J » m. + 1, ...,   m0,   the intermediate goods,   J => tu.   •♦■  1, . . ., 

th and let ther% be n processee.     Then the net output or input of the _J 

coraeodity vill be 

n 
(5-2) ijU)  »    Z   g^  (x1). 

Now,   consider the problem of deriving the minimum cost method of 

producing a fixsd set of outputs at given input prlcas.     Let the price of 
Bio 

th • /   x the J      coasodity be p..    Then the problem is to maximize   £ P.g.Cx), 

subject to tl>e output-level constraints ß.(x)  - g.(x )  ^ 0,   >!,....  m.,   and 

the canstrulnts that the net outputs of the intenaediate goodii not be negative, 

or if vs let (C. represent init4 J. stocks,   that the net consxaqption of inter* 
w 

mediate goods not exceed the initial stocks,   that is s.(x) ♦ <^>. c 0, 
J J 

J ■ BU + 1, . •., m. 

m, 
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Under vhat condltlonß vlll thlc problem catisfy the hypotheces of 

Tbear«a 1?    Sine« any nonotonlc functl<« of one variable  Is qua[il-canc>ve; 

th« functloaü g. .(x )  are quaol-caxicuvo.    But here v» encounter 1  dlfforence 
xj    x 

b«twe«n concave and quaai-concave functions which In iotportont from the 

point of viev of applications to econocilc theory.    While noivnegntlve lineiir 

coabinatiops of concave functions are also concave,   non-negative llnenr 

conbinationB of quaai-concave functions ore not necer.sarily quasi-concave. 

As a conaequonce,   the hypothesii' of quasi-concavity cannot replace the 

stronger hypothesis of concavity In many parts of econcmlc theory. 

Consider one of the output constraints,  g.(x) - g,(x ) i 0,   or 

(5-3) Ji glJ(xi) - c^) -, 0. 

For ratputu,   ve have 8J4(x:i)  a 
0-     If si/xi^ = 0'   si^xi^  iG concav,e'   tind 

therefore,   so Is 8,(0-     ^ 6i^xi^   ^ ü 1'or rne P1,00®38^   ^^ S^^*) ^ 0 

for all the others.   g.(x)  can be,   tnough Is not necessarily,   ouasi-concave. 
J 

If g4«(x4)  
> 0 ^OP ^vo or Qore activities,  c.C")  cannot be qua^i-concave. 

Poor,   if g.(x)   li  quasi-concave,   the marginal rate of jub^titutlon betveen 
J 

any pair of Inputs aust be diminishing,    Jl other inpats held consUait. 

That Is,   from (1.10), holding,   for example,   x ,...,   x    constant, 

(5.u) (g^r g^ * {B{)y ^ , 0.12/ 

Ihus,   It is possible for cither gl'    or g"    u> be pocltlve vlthout viol^^tln^ 

(l.lO),but clearly both cannot be positive,   and similarly -'or every other 

pair of procesoes.    Hierefore,   g''     (x.)      0 for -t aoct enc process if g.(x) 

is to be quasL-concave.     The suae  is true .or the coi.strainbs an the uiL;e of 

""*" 19. A» inequality (5.^) is a necessary condition for (5-3) to be qaasi- 
ccnoave but it is not sufficient. For the corresponding aufflclcnt condition, 
see Part VI below. 
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interaedlate goods. 
m0 c. 

What about the maximLoid,     E P,o,(x)^    li" the function« £.(x)  .jre 

concave,   their linear combination vill be I;1GO.     But if any are qit-ei-cone five 

und not concave,   the quaßi-concavity of    E P.e^-O  cannot be ^vL-xv-mteed 
J^l    J  J 

independently of the prices.     Ihuc,   the only vay for Theoren 1 to be applicable 

for all cets of prices is for there to be diminlching or constant returns to 

scale  in the use of the  Inputs.    However,   for any given set of pricec w nuy 

have a limited amount of increasing retumo in the use of inputs iieaGured 

in money terms. 

On the other hand,   to apply Ihearem 1 to profit maxlniiation,  ve 
mp 

nuxlml vt   E   p4g.(x)  subject to the canrjtralnts g.(x) ♦ d^.   ^ L,   J « n^+l,...;  m. 

Hov there can be a limited amount of increaalng retumc vlth regard to inter- 

mediate goods,  but not,   in general,   vlUi regard to outputs or to inputs 

purchased on the market (unless there is Just one output and no purchased 

inputs).    Again,   for any giv*n Liet o:' price,   a certain amount of increasing 

returns in outputs or purchased inputs neacured in money can be tolerated. 

Alternatively,   let a firm's production function be 

q ß 

(5.5) Y= KV.  IK^ ß La+  ß]a+ ß (a:   0,   ß  :   0). 

This function vill be quasi-concave but not concave when a ♦ ß > 1.     Then, 

Theorem 1 vill apply to the problem of determining the efficient combination 

Of inputs,  given any specified output,  but it vill not be applicable to the 

profit maximization problem.    That is,   the problem of mininizing rK ■♦■ vL, 

or of maximiilng -(rK + vL),  vhere r and v ure  the costs of a unit of K and 

O     - X, L reapectivuly,  subject to the constraints Y -  Y    i C,  L „ C,   K ä 0,   Gatisfics 

the hypotheses of Theorem 1.    But Ihe problem of maximizing 
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Tr(K,   L) ° pK^t^ - rK - vL,   aubject to K i 0,   L i 0 does not ^tlofy the 

hypothetMB of 1!hoor«m 1 because Tr(K,   L) i« not quad-concave. 

(3)    Welfare Economics. 

Suppose that society's over-all production pob^lbillty funrtlon ic 

quasi-concave.    TSJ« problem of determining an efficient ullocutlon of 

resources (a Pareto optimum)  can then be formulated uc the problem of 

aaxlodUlng the utility of one household (a quasi-noncuve function)   subject 

to the conetrtvlnts (also quusl-concave)  that tot-J. output is vlthln society':. 

production possibilities and that the utilities of all other households are 

at least equal to specified levels. 
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VI.     PROPERTIES OF O.UASI-CQNCAYK FUNCTIONS 

In Part I,  ve gave  oeveral tiltemative derialtloiiC of quucl-conccivloy. 

Although the equivalence of these deftnltlonD,   or their relationships vhen 

they are not strictly equivalent,   ceemc to be rather generally underutood, 

ve have been unable to find in the literature either a proof of the equi- 

valence of quasi-concavity and diminishing marginal rates of substitution 

(or increasing marginal rates of transformation),   or a sta^vement of the 

relationship between quasi-concavity and the signs of the bordered deter- 

mlnants of partial derivatives of quasi-concave functions.—'     Therefore, 

ve provide both here. 

.  . o 
Lat f(/.) be c twice  iifferentiable   -.'acl-concave  function,   and let x 

und x   be any tvo noo-negatlvu vectorG,   not z^ro   -nd not proportlonjJ. to 

each other.     Let 

(6.1) g(u)  v)    -    f(ux0 •»■ vx ),    u,  v > 0. 

Then f(x)   Is quasi-concave If rnd only if g(u,  v)  Is quasi-concave  for all 

x0 and x1.     Cleaxly the qua si-concavity of r(x)   implies  that of g{\i,   v). 

On the other hand,   if g(u,  v)   is quasi-concave,   then,   In particular,   for 

0 v
3 « a 1,   ve have 

(6.2) H**0 *  (1 *  ^"^ 3 ^Q>   1 ' Q)  =    "^  [8(0'   1)'   G(1
'   

0)1   " 
min  :f(xO),   ^x1)]. 

If (6.2) holds for all x0 and x ,  VB have the quasi-concavity of f(x) by 

definition. 

20.    Wold [7],  Theorem 5,  pp.  8^-36,   state? the relation between the 
•igns of the beordered determinants and convexity of indifference aurfacas to 
the origin,  vhlch is equivalent to quasi-concavity (see Theorem k),   under 
conditions more restrictJ-ve than those studied here. 
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C«aBld)«r any locus of points on vhlch g(u, v) Is conctant. /Oong thlß 

locus. — a - «-^. If f > 0 everywhere, as ID nonwilly the caee In utility 

theory,   R   > 0 and K     - 0,   and — is Jmovn ns the miixgiiml rate of  cubstiti*- 

tiqn betveen the composite coBMOdlties xc «ad x .    If f(x)   is quö-öi-ccncuve, 

d      ^v the marginal rate of substitution is diminishing.    That is, ~  (—-) ^ 0.    If 

f    < C everyvhere,   as is normally .i.sauined in production theory (-f    being 
X X 

interpreted as sarglnal costs),   a   ^ 0 and g^   ■- 0,   und ■—- is knovn as the 
u o 1 amnflnal rate ol truasformation between   the ccmposiU cormodities x    und x , 

and if r(x)   is quuci-conc-ve,   the marginal r-te of transfomritlon  is 

Increasing.     That is,  4-    (.JO . L. 

In order  co prove  these statements,   observe that 

(6-3) 1^  (r)   ^ "S  A ^ "   ?€u '\ Sav + ev Suu1 

Thu^,   if g.    "  0,   -we have  a d1m1.nir.ning narginal rite of GubatlUition,   or if 

K    < 0,   w; have an  increasing marginal rate of tr'tnoronnntion,   if the 

expression  in brackets In (6.3)   IB less than or equal to zero.     Iberefore,   to 

prove our propositions,   ve  shall prove   the   followln^:  theorem. 

J:    The tvlce differentloble function g(ü, v) with g        0 and g 0 

every^Aere,   or g^ '   0 and K   '   0 everyvhere,   is quasi-concave  if and only 

J^A^W-l^fiu-VArv-ljCßuu^- 

Proof:    Since g^ and g^ art both positire or both negative,   the implicli 

relation g(u,   v)     =  c  defines u as a  function of v.     Let the lYmction be 

(6.10 u * h(v). 

Consider the case  in which g^ ^-^ 0 i-nd R    > 0.     By hypothesis, -—; ^ 0 so 
dv" 

that h(v)  is a convex function. 
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Imt (u0,  Y
0

) and (u , T ) be any tvo polnu; on the level curre g(u,  v) =» c. 

üJwn 

(6.5) u0=h(vO),     vr^-hCv1). 

Let (u2,   v')  -  (i - öhu0,  v0) + ©(a1,   v1),   Tor C 3 ö .  1.    Then,   m» (6.5), 

and the coorexity of h(v), 

(6.6) h(v' )  ^  (1 - «)h(v0) ♦ ^(v1)  = (1 - tt)a0 + Ou1 =  u  . 

If R   :   0,   it follows frcci the definition of h(v)  that 

(6.7) c = gh(v'),  v1] ; s(u%  O, 

so that g(u0,   v0)  - g(u ,  v )  ijaplleL 

(6.Ö) g.(l - «)(u0,   v0)   f ©(u1,  v1)] , g(a0,   v0). (C ; « ,  1) 

QuAal-concavl-y follofWB inaedlately.     Suppose g(u ,   v )  > g(u ,  v' Let 

Q' be the largest value of 4 for '..tiich 

g[(l - «)(u0,   v0) ♦ %(J",  v )1 = b(u0,   v0). 

Hov,   lot (u2,   "'')  =  (1 - «^(u0,   v0)  * ©'(u1,   v1).     If C ^ Ö ; W,   \Je ccua 

write (1 - «)(u0,   v0) + «(u1,  v1) -  (1 -t)(a0
J  v0)  v   t(^',   v2)  vhere t   * 4/©'. 

Since g(u'',   v") = ^(u ,  v )>   ^"e h.ve dhovn tint 

(6.9) g((l - 6)(u0,  v0) 4 ©(u1.   v1)] = gf(l -  t)(u0,   v0) >  t(u^,   v2)] ; 6(u0,   v0) 

forOäÖ^Ö1.     Qnthe other hend,  by continuity   md the definition of 4', 
• 

(6.10) 8(1 - «)(u0,  v0) ^ «(u1.  v1)]      ü(u0,   v0) 

far Q1 < Q a  1.     "Biue g catlBfiec (1.5)  ^nd IG therefore quasi-concave. 

The theorem can be proved in a similar manner in the c ice in \rtilch tl   ^   ^ 

and «   "^ 0 and there is (m increasing r^irginul rate of  tranßfarnatlon. 

Final 1 y,  VB  shall prove that the  quasi-concavity of ^(u,   v)  iuplies 
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(6.11) gu
2 s^ - % ^ suv - &v

2 c^ '. o. 

CaaeicLer any pair of polntc (u ,  v )  and (u .   v )  such that g(u ,   v )  » g(u ,  v ) 

Frau (1.7) v« have 

/I Ox   O        /I 0\   o (u    - u )gu ♦  (v   - v )gv 

C6-12^ ,0 Iv   1       (   c U     1 L     r (U      -   U   )(iu  v    (V     -   V   )    ^  -      L 

vhlch,  Vhen added,   Inply 

(6.13) (g^-^^-u^.^-^^-v^.o. 

o       ,bu 
Lot k - u1 -  u0.     In the  limit,   for K  cnall enough,  v    -  v    - -^  •     ~ub- 

"v. 
tituting these relatlonahlpe into (6.13)  and dividing through by -k ,  ve 8 

obtain 

0 o 
O 0   ,    Uv /   0     Ox /    O   , O   , ^Ux /   o     o> 

gu(u ♦k,   v -k-^) -  gu(u ^v )        o   gylu +1;,   v -k-^)  -  ^(u ,v  ) 

O 
(6.!,.) fi fs    !v    ;    0. 

Taking limitü as k approiche^ zero,   .J-LU noltlplyinc both aideü b\ g'^   ve 

obtain (6.11). 

Bov consider the bordered aoterainant D    döflned by (l.U).     The relation- 

ship between the property of quaei-concavity and the eigne of D    ic given 

by the following theorem. 

Ihearea h:    A sufficient condition for l'(x)   to be quasi»concave for x ^ 0 

1c that the sign of D   be the aaae as the sign of (-1)    for tJl x ana all 

r =» I,....,  n.    A necessary condition for i(x)   to be qua a i-concave  is that 

r     i» 
(-1)  D   a Oj  for r =» !> • •..,  n^   for all x. 

Proof:    We shall begin by prcvtog the eul^lclent condition.     If (-l)rD   > 0 

0 
for all r for any point x ,   then, by the usual second»-order conditions for 
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i. constrained mtodiaum,  x    Is L-  strict locul ntjclmun of i'(x)   oubject to the 

t e,0 ,0    C    21/ _      ^ 1    \    ,      , j      . 1     r. 4-jl, constraint f x --•  1   x  .—'     Let x    ^  ^ oe  -JIV potiit x    ior which xx - J   * - 

(6.15) A1  .  fV. 
XX 

V.e sht-H prove t&.t f(x ) 1, f(x ),   th:.t is,   th  , x    is u glob;-l conctn-Lied 

lauxinuoi aub^ect to (6.I5).     Lst 

(6.16) :v(fc)  -  (1 -  Ox0 ♦ «x1, 

and 

(6.17) :(4) . rU{«)]. 

"Dien let Ö    be  the  Lorgect vcJLue or %  i-'or vhich F(ö)   Ukkec  iti; ruiiiinun i:i 

the interval  [C,   1].    We ah;JLl Liicrw that «   < 1 le-kdo to u contradiction. 

If 0 < Ö    v 1,   then F'(t )  - C bebaue F{* )   ic - ainluunu     IJ 0=0, 
o o o o 

then F'CO) > 0,   so that ^(x1 - x0) ^ 0.    but fron (6.15),   F'(o) ^ 0,   ro 

that F'(C)  - C.     Hence,   in either cr.oe,   F'i^ )  = 0,   or 

(6.1B) f 0(xi - x0) - C if 0 ^ ©   •   1. N ' x 0 

Sin^« x(4)   •»• h) -  .:{« ) = h(x1 - x0),   it follovc froD (6.13)  th.-t 

(6.39) f 0[xU   + h)  - x(« )] = 0. 

But,  by na^unptlon,   (6.19)  impliej thr.t x(»» )   i:   >. ctrict locul tnaximr. 
6 6 0 

of f(x)  subject to f 0x a f 0x(« ),   do thut f ^(^   + h) ] -■   f. x(« )1,   for 

h positive und sufficiently cuuJ-l.     'Bils contraiictr, the definition of ö 

aj the minlnaun of F(6).    It follows that wc ennnot have 0    < 1,   so that 

«   = 1 ond in particular,   F(l) 3 F(c),   or f(x") 3 f(x0). 

We La-/e thus shown that any point x'   ic a. global conetrained maxinmn 

of i(x)  subject to the constraints x ;. C >jad 

21.    Bee,   for exumple,   [5],  }rp.   376-379- 
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(6.20) fx^  fxx0- 

Ncrw,   Ist x    and x    be any tvo pointD,   und let x'   be a convex combination 

2 ? 
(that is,   tin Internal vslghted average)  of them.    Since f'x    iü rji internal 

2 o 2 1 
average of f^x    and f x ,   it must be at leaxt ^5 great au the leG^er.    Ihat 

ia,  vie nuet have either f x   „ f x*" or f^x    ^ f x'.     Since x" tntuclmizes 
X X X X 

f(x) subject to f x B f x , \m  must then have either f(x") ^ r(x0) or 

^x^) > ^(x1), and, In either case 

(6.21) f(x0)  > min    f(x0),   it:1)]. 

so that f(x)  is quaol-concave. 

To prorve the neceaeity caiditlon,   firct consider rny x        0.     IT f. = 0, 

D   =» 0 and the nece^city con'itlon 1^ autocia tic ally satlEficd.     Ii' f   ^ 0, 

concider the roaxlaiization of r(x)  subject to the conctralnt (6.cX)).    Since 

all vurlables are relevant   -nd (KTL)  is baticfied at x   './ith    >.   = 1,   it 

follovo froa Theorem 1 that x    is the conetrfdned noxliauin.     Ihereroro,  x 

certainly Is u local constrained naxlnun of x^x)  subject to i" ,x =  f x ,   xor 
A A 

■which the conditions (-1)  D   Z Q   re uece^c.jry.-^7    By continuity,   thlc 

condition also holdü vhen x   hac one or more cooponentc that ore equal to 

.22/ zero.* 

In Port V,   VB discussed »i neceü3>'ur^r condition Tor the quasi-concavity 

of a function of the form 

n 
(6.22) ß(x) - L    g.(x ). 

1-1 1 1 

22. See [5), Ibid. 

23. Ltt x1 : 0 and x(t) = (1 - t)x0 ♦ tx1.  ihen x(t) C for t  C 

vhence (-l)rD (t) £ 0 for t > C, where D (t) is D evaluated at the point 

x(t).  From this it follows that (-l)rD (0) ^ 0. 
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We nov apply Theorem h to obtain   i nececaury   md -vaiTielent condition.     In 

thlü case,  g, ■ C for 1 / J.     Let g 
Xl J 

(6. 23) 

Then,  by expcnslon of D ,   it is crxy to oee that 

(6.24) D   =■ -(eT P       , ♦ g'   D v        ' r        xur        r - 1     0r    r -  1 

If ve uscuoti,   for iiiapliclty,   thi-t c.  4 ^ for   -11 i>   then 

VPr = -(g;)''/8r+(Dr-l/Pr- l'' 

Since ^/P,  ^ -(s{)Vg^i   It eacil^  follovu by Induction th^t, 

(6.25) (.i)rD /(.i)rpr = - E   (c:):VV:r r r        i-1      x 1 

If g" < 0 for (ill 1,   thin (-l)rP    - 0 for all r and the righ^hand 

side of (6.25)  is positive,   from vhich it follows that (-l)rD   " 0 for all 

r,   and g(x)   iß quaoi-con cave,   indeed concave. 

Suppose g''      0 for two or more v-luec of 1.    By renunberinCi  ve may 

euppooe that gl' > 0,  g';, :■  C.     Ohen P0      0.    rron (6..^),   vith r =»  2,   \rc 

vill have D^ < 0,   so that g(x)  is not qiu'-sl-concj-ve. 

In the remaining cur*,  g'1      0 for exactly one value of _i,  we may L.uppOBe, 

(6.26) g^ '   C (i < n),   t>n      0. 

Then« 

(6.27) (-l)rPr -   0      (r <n)J   (-1)^ < 0. 

The rl«ht>-hand aide of (6.^)   is positive for r      n.  -with  the aid of (6.2"/) 

ve have that (-l^D   > C for r ■   a.     To injure qu^ui-concavity,   It ic 
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oufflclent that,   (-l^D   > 0.     In vlev of (6.27)  and (6.25),   thlc is equi- 

voltnt to, 

(6. aß) I (g;)n/g: >o. 
1=1 1 

Sine« tht firBt n-1 termc are neßativ«,   this taeuiG that the last term must 

outweigh th«m all,   or that g" must be  saTficiently small relative to (G*)   . 

Ihlß pluces un \xpp»r limit on the permlsclbl* rate of Increasing returns 

la the n      process.    Ih« stronger the r-te of dlmlniahlng returr.c in the 

ether processes,   the greater is the p^rmisalble rate of Increasing returno 

th in the n     process. 
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